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Abstract: BCJ relation reveals a dual between color structures and kinematic structure and can be
used to reduce the number of independent color-ordered amplitudes at tree level. Refer to the loop-level
in Yang-Mills theory, we investigate the similar BCJ relation in this paper. Four-point 1-loop example in
N = 4 SYM can hint about the relation of integrands. Five-point example implies that the general formula
can be proven by unitary- cut method. We will then prove a ‘general’ BCJ relation for 1-loop integrands by
D-dimension unitary cut, which can be regarded as a non-trivial generalization of the (fundamental)BCJ
relation given by Boels and Isermann in [13, 14].
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1. Introduction
One of the most traditional and universal methods in calculating the scattering amplitudes is Feynman
diagram. As we all know, Feynman diagrams have deep physics insight and systematic procedure of cal-
culation. People have solved many problems through Feynman diagrams. However, with the increase of
scattering particles, the Feynman diagrams increase exponentially. This complexity even goes beyond the
ability of all present computers. People spend several years on looking for other operable ways in scattering
amplitude computation. Fortunately, a lot of great progress has been gained on the calculation methods,
including some relations accounting for different color-ordered amplitudes, such as Kleiss-Kuijf(KK) rela-
tion[1] and Bern-Carrasco-Johansson(BCJ) relation[2]. These constraints decrease the degrees of freedom
of the color-ordered amplitudes, and reduce the complexity in calculation.
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Most relations among scattering amplitudes were firstly proposed at tree-level. Tree-level-cyclic sym-
metry can help to reduce the independent number of color-ordered tree amplitudes from n! to (n − 1)!.
And Kleiss-Kuijf(KK) relation mentioned above is given as
A(β1, ..., βs, 1, α1, ..., αr , n) = (−1)
s
∑
σ∈OP ({α}
⋃
{βT })
A(1, σ, n) [tree-KK] (1.1)
further reduces the number to (n − 2)!. After that, a highly nontrivial relation known as Bern-Carrasco-
Johansson(BCJ) relation was conjectured in [2]. A special formula named fundamental BCJ relation is
s12A(2, 1, 3, ..., n) +(s12 + s13)A(2, 3, 1, ..., n)
+...+ (s12 + s13 + ...+ s1(n−1))A(2, 3, ..., 1, n) = 0,
[tree-fund-BCJ] (1.2)
where sij = 2ki · kj . There are two different ways to generalize the above fundamental BCJ relation. One
is an explicit minimal-basis expansion of color-ordered tree amplitudes. The minimal-basis expansion[2] is
given as
A(1, β1, ..., βs, 2, α1, ..., αr , n) =
∑
ξ∈POP ({β}
⋃
{α})
A(1, 2, {ξ}, n)
s∏
k=1
F{β},{α}(2, ξ, n|k)
s1,β1,...,βk
, [tree-min-basis](1.3)
where F{β},{α}(2, ξ, n|k) is a function of kinematic factors sij , si1i2...,iu =
∑
1≤p<q≤u
2kip ·kiq . One can consider
the minimal-basis expansion as the solution of a set of fundamental BCJ relations[3]. And this expansion
was proved through another nontrivial generalization of the fundamental BCJ relation[4], that is general
BCJ relation
∑
σ∈OP ({β}
⋃
{α})
s∑
i=1
∑
ζσ(J)<ζσ(βi)
sβiJAtree(1, σ, n) = 0,
[tree-gen-BCJ] (1.4)
where s is the number of elements in the {β} set, ζσ(J) is the position of the leg J in the permutation
σ. The KK and BCJ relations at tree-level have been proven in both field theory and string theory. In
field theory, KK relation was proved by new color decomposition[5]. Both KK and BCJ relations were
proved [3, 4] via BCFW recursion[6, 7]. In fact, KK relation (1.1) results from the boundary behavior of
the adjacent BCFW deformation[8], while (general)BCJ relation (1.4) results from the boundary behavior
of the non-adjacent BCFW deformation[8]. In string theory, both KK and BCJ relations come from the
monodromy relation[9, 10]. They correspond to the real and imaginary part relations respectively.
Though the KK and BCJ relations were firstly suggested at tree level, some extensions to loop level
were also raised. At 1-loop level, KK relation[5] plays a key role on the connection of the non-planar and
planar amplitudes
AN1−loop(α1, ..., αr;β1, ..., βs) = (−1)
s
∑
σ∈COP ({α}
⋃
{β}T )
AP1−loop(σ).
[1-loop-KK] (1.5)
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Since the loop-level integrands are rational functions, they may have similar properties with tree-level. An
example is the BCFW recursion for integrands [11, 12]. As pointed by Boels and Isermann, the boundary
behaviors under BCFW deformation at 1-loop level are the same with those at tree-level. This non-adjacent
behavior may imply new relations at one-loop level as in the tree-level case. A BCJ relation for 1-loop
integrand is then proposed[13, 14]
s1lI
P
1−loop(1, 2, 3, ..., n) + (s1l + s12)I
P
1−loop(2, 1, 3, ..., n)
+ ...+ (s1l + s12 + ...+ s1(n−1))I
P
1−loop(2, 3, ..., n − 1, 1, n) = 0.
[1-loop-fund-BCJ] (1.6)
The coefficients here depend on the loop momentum l as well as external momenta. Therefore this relation
corresponds to the integrands IP1−loop rather than the amplitudes. The zero is up to vanishing terms after
loop integration. Since this relation is similar with the tree-level fundamental BCJ relation(1.2), we call it
fundamental BCJ relation at 1-loop level. As the tree-level case, the 1-loop KK relation is obtained from
new color decomposition[5]. The 1-loop KK [15] and the fundamental BCJ relations[13, 14] can be proven
by unitary-cut method.
As mentioned above, the tree-level fundamental BCJ relation can be generalized to either the explicit
minimal-basis expansion or the general BCJ relation. Then a problem arises naturally: Can we generalize
the fundamental BCJ relation (1.6) at 1-loop level? One possibility is the minimal-basis expansion as
the tree level. However, an obstacle appears because one cannot naively omit the terms vanishing after
integration while solving a set of equations in (1.6). The reason is that a term R(l) in
∫
dDlR(l) = 0 cannot
satisfy
∫
dDlf(l)R(l) = 0(here f(l) is a function of loop momentum l) in general.
In this paper, we will generalize the fundamental BCJ relation (1.6) in the second way. Since the
non-adjacent behavior at tree-level does not only imply the fundamental BCJ relation but also implies the
general BCJ relation and the boundary behaviors of 1-loop Yang-Mills integrands under BCFW deforma-
tion are the same as tree amplitudes, we thus expect a BCJ relation more general than the fundamental
BCJ relation (1.6) for 1-loop integrands as tree level. Moreover, in string theory, the tree-level KK and
BCJ relations are the real part and imaginary part of a monodromy relation. So there is a one-to-one
correspondence between the tree-level KK relation(1.1)(with s βs and r αs) and the tree-level BCJ rela-
tion(1.4)(with s βs and r αs). At 1-loop level, the number of βs is arbitrary in 1-loop KK relation(1.5) but
there is only one β in the 1-loop fundamental BCJ relation(1.6).Therefore, if the KK-BCJ correspondence
also exists at 1-loop level, we should have a natural generalization of the fundamental BCJ relation (1.6)
to a relation with arbitrary number of βs.
We propose the general BCJ relation for 1-loop planar integrand as
∑
σ∈COP ({α}
⋃
{β})
s∑
i=1

sβil + ∑
ζσ(J)<ζσ(βi)
sβiJ

 IP1−loop(σ) = 0. [BCJ-1-loop] (1.7)
The zero in the R. H. S. is up to the terms which vanish after integration as in (1.6). The fundamental
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Figure 1: The definition of loop momentum, if the leg n is attached to a loop propagator.
BCJ relation (1.6) is just the case with s = 1. COP means the permutations with the relative cyclic orders
in {α} and {β}.
It is not strange that the BCJ relations at 1-loop are the relations among integrands but not amplitudes,
when we turn to the other formula of BCJ relation-the Jacobi-like identity among kinematic factors[2].
This formula of BCJ relation has been suggested at both tree level and loop levels. When we consider the
Jacobi-like identity at loop levels, they are the relations among kinematic factors in the integrands. These
Jacobi-like identities must impose relations among the integrands. In general, the coefficients of integrands
are functions of both external momenta and loop momenta, thus they cannot be separated from the loop
integral. Therefore, the BCJ relation at 1-loop must be the relation among integrands.
What can we learn from the integrand relations in amplitude computation? Though we deal with
the integrands only in this paper, the relations among 1-loop integrands may apply to find the relations
among the integral coefficients in master equation and thus simplify the computations on loop amplitudes
effectively. we will investigate this simplification on coefficients in master equation in future work.
The structure of this paper is following. In Section 2, we will show all the general BCJ relations for
4-point 1-loop amplitudes in N = 4 SYM. And then we will illustrate an example of s = 2 r = 3 through
unitary-cut[16, 17, 18, 19, 20, 21, 22] in Section 3. After that, the general proof will be given in Section
4. Though the vanish of rational terms caused by tree-level poles has been implied by D-dimensional
unitary cut automatically, we will show the physical origination of this cancelation in Section 5. At last
are conclusions and further discussions in Section 6. Before our proof, let us have a look at the definition
of loop momentum and the cyclic symmetry of the general BCJ relation(1.7).
1.1 The definition of loop momentum
In this subsection, let us consider how to define the loop momentum in the integrands. We should notice
that, the integrand has its freedom in choosing the loop momentum:
• The loop momentum can be placed arbitrarily, which allows to fix the position of a loop momentum.
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Figure 2: The definition of loop momentum, if the leg n is attached to a tree propagator. Here K = ki1 + ...+ kij
• The integral is invariant under a loop-momentum translation
∞∫
−∞
dDlF (l) =
∞∫
−∞
dD(l + c)F (l + c) =
∞∫
−∞
dDlF (l + c), (1.8)
for a rational function F (l). This turns to be an equivalence class [F (l)] = {F (l)|
∞∫
−∞
dDlF (l) =
∞∫
−∞
dDlF (l + c)}, and c stands for the translation of the fixed loop momentum.
In this paper, we suggest the loop-momentum next to the leg n(which is chosen as the last α,i.e., αr).
However, the leg n can be attached to a tree propagator as well as a loop propagator. One should notice
this subtlety. If the leg n connects with the loop directly, the loop-momentum l is chosen as in Fig. 1.
Else, the momentum of the first loop propagator next to tree-structured n is defined as l+ ki1 + ...+ kij (a
translation of l)(Fig. 2), where i1, i2,...,ij are the external legs in tree structure next to the leg n. This
means, though no loop propagator is connected with the legs n, i1, i2,...,ij directly, the loop momentum
definition is just a loop-momentum shift from n to ij .
1.2 The cyclic symmetry of general BCJ relation at 1-loop
In the general BCJ relation, we have summed over all the possible permutations with cyclic order in {β}
and preserved order{α}. This can be achieved by fixing the αs and inserting βs into αs on the circle. The
integrands obey cyclic symmetry, so does the general BCJ relation. That is, when we choose the leg α1(the
first element in {α}, known as 1) as the reference leg instead of the leg αr(the last element in {α}, chosen
as n), i.e., the starting positions of βs are changed to positions next to α1, the general BCJ relation (1.7)
must also hold. This can be understood as follows.
If the leg 1(α1) is attached to a loop propagator directly(Fig. 3), the leg n(αr) can be attached to
either a loop propagator or a tree propagator. In both cases, a replacement of the reference leg n → 1
means a translation on l, l→ l′ = l+K(n,1)+k1. Here (n, 1) stands for all the legs(here are all the possible
βs) between the leg n(αr) and the leg 1(α1), while K(n,1) denotes the sum of the momenta of the legs in
(n, 1).
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Figure 3: The leg 1(1 ≡ α1) is attached to a loop propagator while the leg n(n ≡ αr) is attached to either a loop
propagator(the left diagram) or a tree propagator(the right diagram). In both case, when we replace the reference
leg n by 1, we perform a translation on loop momentum, thus on l,l→ l′ = l+K(n,1)+ k1. Here (n, 1) stands for all
the legs(here are the possible βs) between the leg n(αr) and the leg 1(α1). K(n,1) denotes the sum of the momenta
of the legs in (n, 1).
} }
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Figure 4: The leg 1(1 ≡ α1) is attached to a tree propagator while the leg n(n ≡ αr) is attached to either a loop
propagator(the left diagram) or a tree propagator(the right diagram). In both cases, a replacement of the reference
leg from n(αr) to 1(α1) demands a replacement of l→ l′ = l +K(n,1) + k1.
If the leg 1 (α1) were attached to a tree propagator(Fig. 4), the leg n(αr) could also be attached to
either a loop propagator or a tree propagator. In this case, the replacement of the reference leg n by 1 also
means a translation on l, l→ l′ = l +K(n,1) + k1.
The coefficient that gets contribution from βi (if ζσ(1) < ζσ(βi) < ζσ(n)) is of the form
sβil +
∑
ζσ(1)<ζσ(J)<ζσ(βi)
sβiJ +
∑
ζσ(J ′)≤ζσ(1)
sβiJ ′ . (1.9)
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We should notice that
∑
ζσ(J ′)≤ζσ(1)
kJ ′ is just the K(n,1)+k1 in Figures 3 and 4, thus this coefficient becomes
sβil′ +
∑
ζσ(1)<ζσ(J)<ζσ(βi)
sβiJ , (1.10)
where l′ = l +K(n,1) + k1. This is the right coefficient with the reference leg chosen as the leg 1.
Else, if ζσ(βi) < ζσ(1), the coefficient corresponding to this βi in the general BCJ relation is
sβil +
∑
ζσ(J)<ζσ(βi)
sβiJ . (1.11)
The momentum conservation is given as
s∑
p=1
kβp +
r∑
q=1
kβq = 0. This can be added to the above equation.
After a redefinition of l, l → l′ = l +K(n,1) + k1, the above coefficient then becomes
sβil′ +
∑
ζσ(J)<ζσ(βi)
sβiJ +
∑
ζσ(1)<ζσ(J ′)≤ζσ(n)
sβiJ ′ . (1.12)
This is the right coefficient with the reference leg is chosen as the leg 1.
In all, the general BCJ relation with the reference leg n is equivalent with the relation with the
reference leg 1. A translation of l in both integrands and their coefficients connects the two equivalent
equations. Since this translation is performed in both integrands and coefficients, it only affects the terms
that vanishes after integration.
2. General BCJ relation for 4-point N = 4 SYM
KK and BCJ relations at tree-level are established in both pure Yang-Mills theory and N = 4 SYM [23].
So we expect the BCJ relations at 1-loop level in N = 4 SYM as well. Because of simple formulae of
the 4-point amplitudes of N = 4 SYM , we first discover the general BCJ relations for this special case
explicitly. In this section, we will consider the explicit formula of 4-point 1-loop integrand as an intimation
of the general BCJ relations.
One planar amplitude is as follows(here we omit an unimportant numerical factor)
AP1−loop(1, 2, 3, 4) = stAtree(1, 2, 3, 4)
∫
dDl
1
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
. [N=4-4pt](2.1)
The coefficient stAtree(1, 2, 3, 4) here is symmetric, i.e.,
stAtree(1, 2, 3, 4) = s12s14Atree(1, 2, 3, 4) = s21s24Atree(2, 1, 3, 4) = s23s24Atree(2, 3, 1, 4). (2.2)
This equation does not effect the result of BCJ relation at loop level. Hence, we should only consider the
integrand in (2.1) in the following discussions. We set s as the element number of {β} and r for {α}.
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2.1 s = 1, r = 3
As shown by Boels and Isermann [13, 14], up to terms which vanish after loop integration, the integrands
obey the fundamental BCJ relation(1.6). The reason is that
s1l
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
+
s12 + s1l
l2(l + k2)2(l + k2 + k1)2(l + k2 + k1 + k3)2
+
s12 + s13 + s1l
l2(l + k2)2(l + k2 + k3)2(l + k2 + k3 + k1)2
= 0. (2.3)
The integration-vanished term is the difference between 1
l2(l+k2)2(l+k2+k3)2
and 1
(l+k1)2(l+k1+k2)2(l+k1+k2+k3)2
,
which comes from the loop-momentum shift l→ l + k1. As a result, one can derive
s1lI
P
1−loop(1, 2, 3, 4) + (s1l + s12)I
P
1−loop(2, 1, 3, 4) + (s1l + s12 + s13)I
P
1−loop(2, 3, 1, 4) = 0. (2.4)
We denote sil = (ki + l)
2 − k2i − l
2 = 2ki · l here and in the following. This relation is just the special case
with s = 1: β1 = 1, α1 = 2, α2 = 3 and α3 = 4.
2.2 s = 2, r = 2
To extract the BCJ relation for other combination of {β} and {α}, we first consider the following expression
s1l + (s21 + s2l)
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
+
s1l + (s2l + s21 + s23)
l2(l + k1)2(l + k1 + k3)2(l + k1 + k3 + k2)2
+
s1l + s13 + (s2l + s23 + s21)
l2(l + k3)2(l + k3 + k1)2(l + k3 + k1 + k2)2
+ (1⇔ 2). (2.5)
Using 2ki · (l + kj) = (ki + kj + l)
2 − (l + kj)
2, one can see that all terms (except those vanished after
integration)cancel out. Thus we have the following relation
(s1l + s2l + s12)I
P
1−loop(1, 2, 3, 4) + (s1l + s2l + s21 + s23)I
P
1−loop(1, 3, 2, 4)
+ (s1l + s13 + s2l + s21 + s23)I
P
1−loop(3, 1, 2, 4) + (1⇔ 2) = 0. (2.6)
This expression is just the s = 2, r = 2 case of the general relation (1.7) with β1 = 1, β2 = 2, α1 = 3,α2 = 4.
One must sum over all possible cyclic orders in this expression, i.e., both relative orders 1, 2 and 2, 1 must
be taken into account. This is because cancelations between terms are derived from different cyclic orders
of legs 1 and 2.
2.3 s = 3, r = 1
Now we turn to the s = 3 case, there are three possible permutations. The L. H. S. of BCJ relation in this
case is
s1l + (s2l + s21) + (s3l + s31 + s32)
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
+
s3l + (s1l + s13) + (s2l + s23 + s21)
l2(l + k3)2(l + k3 + k1)2(l + k3 + k1 + k2)2
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+
s2l + (s3l + s32) + (s1l + s12 + s13)
l2(l + k2)2(l + k2 + k3)2(l + k2 + k3 + k1)2
. (2.7)
Since s21 + s31 + s32 = k
2
4 = 0 and s1l + s2l + s3l = −s4l, the above equation turns to
−s4l
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
+
−s4l
l2(l + k3)2(l + k3 + k1)2(l + k3 + k1 + k2)2
+
−s4l
l2(l + k2)2(l + k2 + k3)2(l + k2 + k3 + k1)2
. (2.8)
Shift the loop momentum l → l + k4 in the first term, l → l + k4 + k2 + k3 in the second term and
→ l + k4 + k1 in the third term, the above equation becomes
−s4l
l2(l + k4)2(l + k4 + k1)2(l + k4 + k1 + k2)2
+
−s4l − s42 − s43
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k4)2
+
−s4l − s41
l2(l + k1)2(l + k1 + k4)2(l + k1 + k4 + k2)2
. (2.9)
The above equation coincides with the s = 1 case with β1 = 4, α1 = 1, α2 = 2 and α3 = 3. Thus we get
the s = 3 r = 1 BCJ relation with β1 = 1, β2 = 2, β3 = 3 and α1 = 4
[s1l + (s2l + s21) + (s3l + s31 + s32)] I
P
1−loop(1, 2, 3, 4) + [s3l + (s1l + s13) + (s2l + s23 + s21)] I
P
1−loop(3, 1, 2, 4)
+ [s2l + (s3l + s32) + (s1l + s12 + s13)] I
P
1−loop(2, 3, 1, 4) = 0. (2.10)
This is just a ‘dual’ relation of the s = 1, r = 3.
2.4 s = 4, r = 0
In the case with s = 4, r = 0, we have
s1l + (s2l + s21) + (s3l + s31 + s32) + (s41 + s41 + s42 + s43)
l2(l + k1)2(l + k1 + k2)2(l + k1 + k2 + k3)2
. (2.11)
This vanishes due to the on-shell conditions of external legs and momentum conservation. Thus we have
the s = 4, r = 0 relation
[s1l + (s2l + s21) + (s3l + s31 + s32) + (s41 + s41 + s42 + s43)] I
P
1−loop(1, 2, 3, 4) = 0. (2.12)
The above discussion on the four cases of 4-point 1-loop integrands are special since the coefficient in
(2.1) is identical for all permutations. Nevertheless, these may indicate the general BCJ relations. We will
discuss a more complicated case with s = 2, r = 3, which cannot be described by concrete formulae.
3. The BCJ relation of s = 2, r = 3 by unitary-cut method
Let us consider s = 2, r = 3 as a more general example using unitary-cut method. We will find that the
general BCJ relation (1.6) holds for all the possible double cuts(unitary cuts) in this example. Since 1-loop
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amplitude in Yang-Mills theory is cut constructible, the general BCJ relation must then hold for the whole
integrands. The possible integrands in this case are IP1−loop(β1, β2, α1, α2, α3), I
P
1−loop(β1, α1, β2, α2, α3),
IP1−loop(β1, α1, α2, β2, α3), I
P
1−loop(α1, β1, β2, α2, α3), I
P
1−loop(α1, β1, α2, β2, α3), I
P
1−loop(α1, α2, β1, β2, α3) and
those with β1 ⇔ β2. The BCJ relation in this case is given as
0 = [sβ1l + (sβ2l + sβ2β1)] I
P
1−loop(β1, β2, α1, α2, α3)
+ [sβ1l + (sβ2l + sβ2β1 + sβ2α1)] I
P
1−loop(β1, α1, β2, α2, α3)
+ [sβ1l + (sβ2l + sβ2β1 + sβ2α1 + sβ2α2)] I
P
1−loop(β1, α1, α2, β2, α3)
+ [(sβ1l + sβ1α1) + (sβ2l + sβ2α1 + sβ2β1)] I
P
1−loop(α1, β1, β2, α2, α3)
+ [(sβ1l + sβ1α1) + (sβ2l + sβ2α1 + sβ2β1 + sβ2α2)] I
P
1−loop(α1, β1, α2, β2, α3)
+ [(sβ1l + sβ1α1 + sβ1α2) + (sβ2l + sβ2α1 + sβ2β1 + sβ2α2)] I
P
1−loop(α1, α2, β1, β2, α3)
+ (β1 ⇔ β2).
[s=2,r=3] (3.1)
The unitary cut used here is
CutσLI
P
1−loop(σL, σR) =
∑
states of l1, l2
Atree(l1, σL,−l2)Atree(l2, σR,−l1), (3.2)
where l1 and l2 are on shell. There are two types of cut ways: Type-1 the cuts with β1 and β2 in different
sub-amplitudes, Type-2 the cuts with β1 and β2 in the same sub-amplitude. These two types are supposed
to the same result, since they deal with the same integrand.
3.1 Type-1 cut
As an example of Type-1 cuts, we cut channel K2 = (kα1 + kα2 + kβ1)
2. This cut provides contribution
from the following terms∑
states of l1, l2
(sβ1l1 + sβ2l2)Atree(l1, β1, α1, α2,−l2)Atree(l2, β2, α3,−l1)
[Type-1-cut]
+
∑
states of l1, l2
[(sβ1l1 + sβ1α1) + sβ2l2 ]Atree(l1, α1, β1, α2,−l2)Atree(l2, β2, α3,−l1)
+
∑
states of l1, l2
[(sβ1l1 + sβ1α1 + sβ1α2) + sβ2l2 ]Atree(l1, α1, α2, β1,−l2)Atree(l2, β2, α3,−l1)
+
∑
states of l1, l2
[(sβ2l2 + sβ2α3) + sβ1l1 ]Atree(l1, β1, α1, α2,−l2)Atree(l2, α3, β2,−l1)
+
∑
states of l1, l2
[(sβ2l2 + sβ2α3) + (sβ1l1 + sβ1α1)]Atree(l1, α1, β1, α2,−l2)Atree(l2, α3, β2,−l1)
+
∑
states of l1, l2
[(sβ2l2 + sβ2α3) + (sβ1l1 + sβ1α1 + sβ1α2)]Atree(l1, α1, α2, β1,−l2)Atree(l2, α3, β2,−l1),(3.3)
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where we have used the following relations between the loop momentum l and the momenta of cut lines
l1, l2
l1 = l + kx, l2 = l1 + kβ1 + kα1 + kα2 .
[cut-momentum] (3.4)
The first three terms in (3.3) come from the relative ordering β1 β2, while the last three terms come from
β2, β1.
(3.3) can be rearranged into1
∑
states of l1, l2
[
sβ1l1Atree(l1, β1, α1, α2,−l2) + (sβ1l1 + sβ1α1)Atree(l1, α1, β1, α2,−l2)
+(sβ1l1 + sβ1α1 + sβ1α2)Atree(l1, α1, α2, β1,−l2)
]
×Atree(l2, β2, α3,−l1)
+
∑
states of l1, l2
[
sβ1l1Atree(l1, β1, α1, α2,−l2) + (sβ1l1 + sβ1α1)Atree(l1, α1, β1, α2,−l2)
+(sβ1l1 + sβ1α1 + sβ1α2)Atree(l1, α1, α2, β1,−l2)
]
×Atree(l2, α3, β2,−l1)
+
∑
states of l1, l2
Atree(l1, β1, α1, α2,−l2)
[
sβ2l2Atree(l2, β2, α3,−l1) + (sβ2l2 + sβ2α3)Atree(l2, α3, β2,−l1)
]
+
∑
states of l1, l2
Atree(l1, α1, β1, α2,−l2)
[
sβ2l2Atree(l2, β2, α3,−l1) + (sβ2l2 + sβ2α3)Atree(l2, α3, β2,−l1)
]
+
∑
states of l1, l2
Atree(l1, α1, α2, β1,−l2)
[
sβ2l2Atree(l2, β2, α3,−l1) + (sβ2l2 + sβ2α3)Atree(l2, α3, β2,−l1)
]
.
(3.5)
Since the cut lines l1 and l2 are on-shell, we can use the tree-level fundamental BCJ relations for the left
sub-amplitudes in the first two terms and the right sub-amplitudes in the last three terms. The above
equation then vanishes.
3.2 Type-2 cut
In the case of Type-2 cuts, we take the cut in the channel K2 = (kα1 + kβ1 + kβ2)
2 as an example. In this
case, the contributions to this cut can be given as[ ∑
states of l1, l2
[sβ1l1 + (sβ2l1 + sβ2β1)]Atree(l1, β1, β2, α1,−l2)
+
∑
states of l1, l2
[sβ1l1 + (sβ2l1 + sβ2β1 + sβ2α1)]Atree(l1, β1, α1, β2,−l2)
1One may notice that the momenta of the cut lines may be different in the cuts in a same channel. However, they are same
up to a translation of loop momentum l, thus this difference only contributes to terms vanishes after integration.
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..
.
.
.
.
l 2
l 1
R(n-j-v-2)L1
L(j+v+2) R1
Figure 5: Unitary cut in the channel K2 =
(
j∑
a=0
kαi+a +
v∑
b=0
kβu+b
)2
.
+
∑
states of l1, l2
[(sβ1l1 + sβ1α1) + (sβ2l1 + sβ2α1 + sβ2β1)]Atree(l1, α1, β1, β2,−l2)
]
Atree(l2, α2, α3,−l1)
+ (β1 ⇔ β2). (3.6)
Since β1 and β2 are both in the left sub-amplitudes now, we cannot use the fundamental BCJ relation here.
Instead, the general BCJ relation at tree level (1.4) with two βs can work here, then the above equation
vanishes.
Similar discussions on all other Type-1 and Type-2 cuts also illustrate the relation (3.1). Thus the
(3.1) example satisfy the 1-loop general BCJ relation . From this example, we find that one should use the
general BCJ relation at tree level (1.4) after loop cutting. This distinguishes from the proof [13, 14] of the
fundamental BCJ relation at 1-loop (1.6) where only the fundamental BCJ relation (1.2) at tree level was
used.
4. Proof of the general BCJ relation by unitary-cut method
Inspired by the examples in the previous sections, we can extend our proof to the general formula (1.7).
Let us consider a cut in the channel K2 =
(
j∑
a=0
kαi+a +
v∑
b=0
kβu+b
)2
for arbitrary i(i ≤ r), j, u(u ≤ s) and
v, where αr+1 ≡ α1 and βs+1 ≡ β1. In general, this cut(See Figure 5) results in
∑
states of l1 and l2

 ∑
σL∈OP ({αi,...,αi+j}
⋃
O{βu,...,βu+v})
u+v∑
q=u

kβq · l1 + ∑
ζσL(J)
<ζσL(βq)
sβqJ

Atree(l1, σL,−l2)


– 12 –
1–
PX
2
Figure 6: A diagram with tree level singularity: when we take the on-shell limit on the momentum of the tree-level
propagator PX , i.e., P
2
X → 0, this diagram factorized into a lower-point loop-level integrand and a lower-point tree
amplitude.
×Atree(l2, σR,−l1)
+
∑
states of l1 and l2
Atree(l1, σL,−l2)
×

 ∑
σR∈P (O{αi+j+1,...,αi−1}
⋃
O{βu+v+1,...,βu−1})
u−1∑
q=u+v+1

kβq · l2 + ∑
ζσR(J)
<ζσR(βq)
sβqJ

Atree(l2, σR,−l1)

 ,
(4.1)
where we have used (3.4) to express the loop momentum by the momentum of cut lines. Corresponding to
the general BCJ relation at tree level with v+1 βs, j+1 αs in the first term and s− (v+1) βs, r− (j+1)
αs in the second, all terms in the above equation cancel out. After considering all the possible unitary
cuts, we finish the proof of the general BCJ relation (1.7).
5. Vanish of the rational terms
In the above discussions, the unitary cut and integration are assumed in D dimension, that means there
exist no non-trivial rational function according to the dimension analysis. In other words, the rational
part (if exists) does not arise from the tree-level singularities(See Figure 6). In this section, we will see the
physical origination of the cancelation of tree-level singularities.
Consider the general BCJ relation expression in (1.7)
R =
∑
σ∈COP ({α}
⋃
{β})
s∑
i=1

sβil + ∑
ζσ(J)<ζσ(βi)
sβiJ

 IP1−loop(σ) [BCJ-1-loop-1] (5.1)
There are kinds of tree-level kinematics singularities in this constructed relation.
• No {β} in the tree structure.
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That is
lim
(k1+···+km)2→0
R ∼
Atree(1, . . . ,m,−X)
(k1 + · · ·+ km)2

 ∑
COP{β}∪O{X,αm+1,...,αr}
s∑
i=1

sβil + ∑
ζσ(J)<ζσ(βi)
sβiJ

 IP1−loop(σ)

 (5.2)
The term in the bracket is exactly the general BCJ relation in (1.7) with less external particles. If the
integration acts on both R and the loop term on the right hand side, then one can find the rational part
related to the singularity. The 3-particle loop version in this type means no α in the loop part of the right
hand side or one α in the loop part of the right hang side. One can take the on-shell internal line X as an
“αr” term in loop, thus we get
(sβ1l + sβ2l + sβ1β2)(I
P
1−loop(β1, β2,X) + I
P
1−loop(β2, β1,X)) (5.3)
and
sβ1lI
P
1−loop(β1, αi,X) + (sβ1l + sβ1αi)I
P
1−loop(αi, β1,X) = sβ1l(I
P
1−loop(β1, αi,X) + I
P
1−loop(αi, β1,X)).(5.4)
Notice that the loop momentum here can be shifted to identify with general BCJ relation (1.7). This term
vanishes due to the color-order reversed relation. Hence, the 4-particle BCJ relation has no such a physical
singularity but only polynomial function possibly existed. Nevertheless, the loop momentum and unitary
cut worked in D dimension ensures the cancelation in 4-particle.
As a result of induction, the relation (1.7) works in this type for all particles.
• {β} in both tree and remained loop part.
Without loss of generality, we study the rational part from one of the singularities P 2X = (kα1 + · · ·+
kαp + kβ1 + · · · + kβq )
2, that is {αL} = {α1, . . . , αp} and {βL} = {β1, . . . , βq} in the tree part and other
legs in the lower-point integrand part.
lim
P 2
X
→0
R ∼
∑
{βL,βR}∈COP ({β})
∑
σ∈OP ({βL}∪{αL})
∑
τ∈OP ({βR}∪{αR})
1
P 2X
×

 q∑
i=1

sβil + ∑
ζσ(J)<ζσ(βi)
sβiJ

+ s∑
i=q+1

sβil + sβiX + ∑
ζτ(J)<ζτ(βi)
sβiJ



Atree(σ,−X)IP1−loop(τ) (5.5)
We have to keep the order of external legs in tree and the remained integrand respectively corresponding
to the (1.7). With a given τ and a special order {βL, βR} in COP ({β}), the above expression can be
rearranged into
∑
σ∈OP ({βL}∪{αL})

 q∑
i=1
∑
ζσ(J)<ζσ(βi)
sβiJAtree(σ,−X)

 IP1−loop(τ)
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+
 ∑
σ∈OP ({βL}∪{αL})
Atree(σ,−X)



 s∑
i=1
sβil +
s∑
i=q+1
(
sβiX +
∑
ζτ(J)<ζτ(βi)
sβiJ
)

 IP1−loop(τ) (5.6)
The first and second terms vanish due to the following two relations respectively proposed in [24, 25]
∑
σ∈OP ({α}
⋃
{β})
nβ∑
k=1
∑
ζσ(J)<ζσ(βk)
sβkJAtree(σ, n) = 0. (5.7)
∑
σ∈OP ({α}
⋃
{β})
Atree(σ, n) = 0, (5.8)
In the above limit, the on-shell internal line “X” plays the role of “n”.
As a result of iteration, no matter how the {α} ∪ {β} distribute, the rational part of the general BCJ
expression related with the physical singularities vanish finally. Moreover, by standard dimension analysis,
(1.7) indeed holds for all one loop integrands.
6. Conclusions and discussions
In this paper, we have shown the color ordered planar integrands obey a more general BCJ relation. The
fundamental one given by [13, 14] is a special case. We have shown that the 4-point N = 4 SYM planar
integrands also obey this relation. Moreover refer to the unitary-cut method and the BCJ relation at tree
level in N = 4 SYM, the general BCJ relation at 1-loop level can be extended to arbitrary-point planar
integrands here. However, several problems deserve further study.
• The application of the general BCJ relation on the master equation can be considered. As we know,
1-loop amplitudes in 4-D Yang-Mills theory can be expanded by the ‘master equation’, i.e., they are
expressed by a basis of scalar integrals. Thus we expect that the general BCJ relation implies the
relation among the coefficients of the scalar integrals.
• The 1-loop BCFW proof of this relation is expected. Since a better large complex momentum behavior
for non-adjacent BCFW shift[13, 14], this relation must be a result of this new behavior. However,
there are two kinds of singularities in the BCFW approach, and for the singularities containing loop
momentum, we must perform a further shift[12]. Thus the discussions on boundary behaviors should
be treated systematically.
• As pointed in [25], all the tree-level KK and BCJ relations are generated from two primary relations.
It is interesting to extend this argument to 1-loop level. At 1-loop level, there are two kind of
color-ordered amplitudes, and the coefficients in BCJ relation does not only depend on the external
momenta but also depends on the loop momentum. Thus the generalization to 1-loop level is not
obvious. This generalization should be studied further.
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• Since there is a one-to-one correspondence between the 1-loop KK relation and 1-loop general BCJ
relation, we expect that both KK and BCJ relations come from a same monodromy relation as in
tree-level case. A string theory derivation is expected.
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